L2-INVARIANTS OF FINITE ASPHERICAL CW-COMPLEXES 
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Abstract. Let X be a finite aspherical CW-complex whose fundamental 
group TTi{X) possesses a subnormal series iti{X) I> Gm > . . . > Go with a 
non-trivial elementary amenable group Go- We investigate the L'^-invariants 
of the universal covering of such a CW-complex X. We show that the Novikov- 
Shubin invariants a„{X) are positive. We further prove that the L'^-torsion 
vanishes if wiiX) has semi-integral determinant. 

1. Introduction 

The present paper investigates L^-invariants, like L^-Betti numbers, Novikov- 
Shubin invariants and L^-torsion, of the universal covering of finite aspherical CW- 
complexes. The main result of this paper is related to the following conjecture posed 
by Liick (see [H Conjecture 9.21]). In case of L^-Betti numbers this conjecture goes 
back to a question of Gromov (see 01 Section 8A]). 

Conjecture 1.1. Let M be a closed aspherical orientable manifold with vanishing 
simplicial volume. Then the L^-Betti numbers bn \M) vanish, the Novikov-Shubin 
invariants a„(M) are positive and the L'^-torsion p'^^(M) vanishes. 

Since any closed orientable manifold with non-trivial amenable fundamental 
group has vanishing simplicial volume (see Corollary (C) on page 40]), it is 
obvious to consider finite aspherical CW-complexes with amenable or elementary 
amenable fundamental group. Recall that the class of elementary amenable groups 
is the smallest class of groups containing all finite groups and abelian groups, be- 
ing closed under extensions and under upwards directed unions. Any elementary 
amenable group is amenable. 

In this paper we prove the following theorem. 

Theorem 1.2. Let X be a finite aspherical CW-complex. Suppose that the funda- 
mental group ■Ki{X) possesses a subnormal series 

with a non-trivial elementary amenable group Gq. Then the following statements 
hold. 

(1) b'n\x) = for all n>0. 

(2) Unix) >Q for alln> 1. 

(3) If TTi{X) has semi-integral determinant then p^'^\X) — 0. 

For a large class of groups it is known that the members have semi-integral 
determinant (see Proposition I2.10| l. It is conjectured that all groups have semi- 
integral determinant. 

This article is organized as follows. In section [2] we give a short introduction to 
L^-invariants. In section [3] we will consider Novikov-Shubin invariants. The main 
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result of that section is Theorem 13.31 The second part of this theorem coincides 
with assertion [21 of Theorem II. 21 The proof is a combination of a group theoretical 
result of Hillman and Linnell (see Proposition 13. 2|) and results on Novikov-Shubin 
invariants of Liick, Reich and Schick published in the paper ^5J . In section [4] we 
will prove the other two assertions of Theorem 11.21 using localization techniques 
for non-commutative rings. The main results of this section are Theorem 14.81 and 
Theorem HH 

Theorem 11.21 is a slight generalization of the main result of the author's disser- 
tation at the university of Miinster. 

2. Some Basics on L^-Invariants 

In this section we give a short introduction to X^-invariants. We define L^-Betti 
numbers, Novikov-Shubin invariants and L^-torsion of finite CW-complexes. For a 
more detailed survey on L^-invariants we refer to the article [7]. 

For a discrete group G we define 1^{G) as the Hilbert space completion of the 
complex group ring CG with respect to the inner product 

(Y^ ^99, XI ^5^) 51 ^^9- 

The group von Neumann algebra AfG is the space of G-equivariant bounded oper- 
ators from P{G) to itself. 

Definition 2.1. A finitely generated Hilhert AfG -module F is a Hilbert space V to- 
gether with a G-action such that there exists an isometric G-equivariant embedding 
of V into Z^(G)" for some n G N. A morphism of Hilbert J\fG -modules is a bounded 
G-equivariant operator. A weak isomorphism is a morphism which is injective and 
has dense image. 

Definition 2.2. Let / : — > V" be a positive endomorphism of a finitely gen- 
erated Hilbert A/'G-module. Choose any orthogonal G-equivariant projection pr : 
P{Gy^ P{Gy^ whose image is isometrically G-isomorphic to V. Let / : P{Gy^ 
P{Gy'' be the positive operator given by the composition 

7 : f{Gy'^im{pr) ^ V^V ^ im{pr) ^ P{GY. 
Define the von Neumann trace of / by 

n 

trMoif) :=5](7(efc),efc) G [0, oo) 
fc=i 

where Cfc G /^(G)" denotes the element whose components are zero except for the 
k-th entry, which is the unit in CG C P{G). 

Using the von Neumann trace we can define the von Neumann dimension for 
Hilbert TVG-modules. 

Definition 2.3. The von Neumann dimension of a finitely generated Hilbert A/'G- 
module V is given by 

dim^fG{V) := trj^aiid : V ^ V) £ [0, oo). 

The von Neumann dimension satisfies faithfulness, monotony, continuity and 
weak exactness (see [TJ Lemma 1.4]). 

Let AT be a finite CW-complex with fundamental group G. Then we get a Hilbert 
TVG-chain complex ci'^\x) := /^(G) (g)zG G*(A'), where G,(X) is the cellular chain 
complex of the universal covering of X. Notice that G„(A") is a finite free ZG- 
module with basis given by a cellular structure of X. 
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Definition 2.4. Wc define the n-th (reduced) L^-homology and the n-th i^-Betti 
number of a finite CW-complex X by 

Hi^Hx) ker(c(2)(X))/im(ci^ji(l)), 
6(f) (X) := dim^G(if,?H^))- 

(2) " 

In the definition of Hn {X) we divide by the closure of the image to get the 

('21 ~ f2l ~ 

structure of a Hilbert A/'G-module on Hn {X). Notice that Hn {X) is isometrically 
G-isomorphic to the kernel of the combinatorial Laplace operator, i.e. 

H^^HX) = ker(c(^)(X)* o c(^)(X) + c^^l,{X) o ci'ji(X)*). 

The basic properties of the L^-Bctti numbers like homotopy invariance, Euler- 
Poincare formula or multiplicativity under finite coverings are described in [3 The- 
orem 1.7]. 

For the definition of the Novikov-Shubin invariants and the L^-torsion we need 
spectral density functions. 

Definition 2.5. Let f : U ^ V he a. morphism of finitely generated Hilbert MG- 
modules. Denote by •'^ : [/ ^ C/ | A G M} the family of spectral projections of 
the positive endomorphism /*/. Define the spectral density function of / by 

: M ^ [0, A ^ dimA^-GOmCS^JO)- 

The spectral density function is monotonous and right-continuous. It defines a 
measure on the Borel cr-algebra on R which is uniquely determined by dF{f)((a, b]) := 
F{f){h) - F{f){a) for a < 6. 

Definition 2.6. Let X be a finite CW-complex with fundamental group G. We 
define its Novikov-Shubin invariants by 

y ■ , ln(F(ci^^(X),A)-f(ci^)(X),0)) 

Q„(A) := limmf — — e 0, oo , 

A^o+ hi(Aj 

if F{c'h'^ {X), A) > F{ci? {X),0) holds for all A > 0. Otherwise we set a„(X) := oo+ 
where oo'*" is a new formal symbol. 

For the basic properties of the Novikov-Shubin invariants like homotopy invari- 
ance or invariance under finite coverings we refer to [71 Theorem 8.8]. 

Definition 2.7. Let f : U ^ V he a morphism of finitely generated Hilbert JVG- 
modules. We define the determinant of / by 

poo 

det^G(/) :=exp(/ ln(A) di^(/)(A)) 

if ln(A) dF{f ){X} > — oo and by det^fG{f) otherwise. 

We use this determinant to define the L^-torsion. Some properties of this deter- 
minant can be found in [TJ Lemma 9.7]. 

Definition 2.8. Let X be a finite CW-complex with fundamental group G. Sup- 
pose that bn\x) ~ and detA^G(cl^'' (-^)) > for all n. We define its L^-torsion 

by 

-^(-ir .ln(det^G(ci^H^))) eM. 

n>0 
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The L^-torsion can also expressed in terms of the Laplace operators A„ := 
P^^HX) := -i • • n ■ ln(detAAG(A„)). 

n>Q 

A priori it is not clear if the L^-torsion is a homotopy invariance. But it is known 
to be true if the fundamental group lies in a large class of group as we will see in 
the following propositions. 

Definition 2.9. A group G has semi-integral determinant if for all matrices A G 
M(m X n;ZG) the determinant of the morphism r^-* : P{G)"^ — > P{G)"' given by 
right multiplication with A satisfies det^^cCM ) — ^■ 

It is conjectured that all groups have semi-integral determinant. The following 
propositions are proved in [S] . 

Proposition 2.10. Let Q he the smallest class of groups containing the trivial 
group and being closed under the following operations: 

(1) Amenable extensions 

Let H G G be a subgroup. Suppose that H G Q and that the quotient G/H 
is an amenable homogeneous space. Then G E Q. 

(2) Colimits 

If G = colimig/ Gi and Gi € G for all i G I then G G G- 

(3) Inverse limits 

If G = limig/ Gi and Gi G G for all i G I then G G G ■ 
Any group G G G has semi-integral determinant. 

Notice that the class of groups G contains all amenable groups, is residually 
closed and is closed under taking subgroups, forming direct and inverse limits of 
directed systems and forming direct and free products. 

Proposition 2.11. (1) Let X be a finite CW-complex such that tti{X) has 

semi-integral determinant. Then (ieij\fG{cn {X)) > for all n. 
(2) Let f : X ^ Y be a homotopy equivalence of finite CW-complexes such 
that 7ri(A") = T^iiX) semi-integral determinant. Suppose that bn {X) = 
b'n\Y) = for all n. Then p'-^HX) = P^^HY)- 

3. Novikov-Shubin Invariants 

The main result of this section is Theorem 13.31 The proof is a combination of 
a remarkable group theoretical result of Hillman and Linnell (Proposition 13. 2p and 
results of Liick, Reich and Schick published in the paper ^Sj. In |^ Definition 2.2] 
a capacity c(M) for TVG-modules M is introduced, where AfG denotes the group 
von Neumann algebra of the group G. These invariants take values in {0~} ]J[0, oo] 
where 0~ is a new formal symbol. The relation between the capacity function and 
the Novikov-Shubin invariants is as follows (compare [H Theorem 6.1]): Let X be a 
finite CW-complex. Denote by Hn''-^\X;J\fTTiiX)) the A/'7ri(X)-module given by 
the n-th homology of the chain complex JVtti (X) 0^^^ (x) C^"^ (X) where C|"'^ (X) 
is the singular chain complex of X. Then 

an{X) = c{H^^'jP{X;MTri{X)))-'^ for aU n>l. 

(Here and (0^)^^ are defined as 0^^ :— oo and (0^)^^ := 00+.) 

The property above allows to extend the Novikov-Shubin invariants an{Y) to 
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arbitrary topological spaces Y with an action of a group G by the expression 
ciH^,,{Y;N-G))-\ 

We now consider the capacities of H^{EG;AfG) where EG is any universal free 
G-space. In view of the next proposition we notice that there is a technical notion 
for A/'G- modules "cofinal- measurable" defined in [5, Definition 2.1]. 

Proposition 3.1. (1) Letk > 1. The Nl'' -module HI\eZ^]NH') is cofinal- 
measurable for all n > and 



l/k ifO<n<k-l 
Q- ifn>k 



(2) // there is a cofinal system of subgroups H < G with cofinal-measurable 
H^{EH;J\fH), then H^{EG;AfG) is cofinal-measurable and 

c{H^{EG;AfG)) < \imini{c{H^ {EH;NH))}. 

(3) Let H <\ G be a normal subgroup. Suppose that {EH\AfH) is cofinal- 
measurable for all n > 0. Then H^{EG;AfG) is cofinal-measurable for all 
n > and 

n 

c{H^{EG-MG)) <Y,c{H^{EH;NH)). 

i=0 

Proof. A proof is given in 5, Theorem 3.7]. □ 



For the proof of Theorem l3 . 31 we need the following group theoretical result which 
is due to Hillman and Linnell. 

Proposition 3.2. A group of finite cohomological dimension which has a non- 
trivial elementary amenable normal subgroup has a non-trivial torsionfree abelian 
normal subgroup. 

Proof. For a proof see ^T, Corollary 2]. □ 

Theorem 3.3. Let X be a finite aspherical CW-complex. 

(1) If the fundamental group 'Ki{X) possesses a non-trivial elementary amenable 
normal subgroup, then a„(X) > 1 for all n > 1. 

(2) // the fundamental group Tri{X) possesses a subnormal series 

TTi{X) [> G™ >...[> Go 

with a non-trivial elementary amenable group Gq, then an{X) > for all 
n>l. 

Proof. Let us first consider a non-trivial torsionfree abelian group H. Since any 
non-trivial finitely generated subgroup of H is isomorphic to Z*^ for some fc > 1, we 
conclude from Proposition l3. II p|) and ([2]) that {EH;J\fH) is cofinal-measurable 
for all n > and satisfies 

n 

(1) c{H^{EH]NH)) < 1 for aU n > 0. 

i=0 

Now the statements are a direct consequence of the equation 

aniX) = c{H^^l^P {EniiX);M7ri{X)))-^ for all n > 1, 
Proposition [321 Proposition 13 . II ([3]) and equation [TJ □ 
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4. L^-Betti Numbers and X^-Torsion 



One of the main results of this section is Theorem 14.81 It shows the vanishing 
of L^-Betti numbers and L^-torsion if a certain locahzation property is satisfied. 
This theorem allows us to prove Theorem 14.101 which coincides with the assertions 
[U and El of Theorem O 

Definition 4.1. A subset S C ZG has the determinant localization property if the 
following conditions are fulfilled: 

(1) The pair (ZG, S) satisfies the left and right Ore condition, i.e. S* is a 
multiplicative closed subset of non-zero divisors with 1 G S* and fulfills 

5 • i n ZG • s / and i • n s ■ ZG 7^ 

for all t G ZG and s € S. 

(2) For any s G S* the induced morphism 

^(2) :/(2)(G)^^(2)(G),i,^us 
is a weak isomorphism with determinant detjv'G(''s ) = 1- 

Notice that for a subset S C ZG with determinant localization property we can 
build the quotient ring ■ ZG. Any element in ■ ZG can be written as sj~^ri 
and r2S2^ with si, S2 G S, ri,r2 G ZG. Moreover, for xi, . . . , a;„ G S^^ ■ ZG there 
exist elements si, S2 & S satisfying siXi G ZG and 0:^52 € ZG for all 1 < z < n. For 
more details about quotient rings we refer to (THl Chapter II, §1]. 

Definition 4.2. Let S C ZG be a subset with determinant localization property. 
Let A E M{n X n; S^^ ■ ZG). There exist elements si, S2 G S with 

si • A - S2 e M(n X n;ZG) C M(n x n;S-^ -ZG). 

(Of course, it is possible to choose si = 1 or S2 = 1.) We call the matrix A 
weakly invertible if the induced map r^^'^.^^ : P(Gy^ — > Z^(G)" given by right 
multiplication with the matrix si ■ A ■ S2 is a weak isomorphism. In this case we 
define 

dets-i.zG(^) ■■=<^et^rG{r^s^^.A■s2)■ 

Let s[,S2 G 5 be further elements satisfying s[ ■ A ■ s'2 G M{n x n]'LG). The 
Ore condition implies the existence of elements 53,54 G S and 03,04 G ZG with 
S3S1 = 035'^ and S2S4 = 3304. We conclude that rig^ri'^^ : /^(G)" P{G)" are 
weak isomorphisms with determinant 1. The equation 

j,(2)o^(2) Q^(2) ^ ^(2) 

(3-4: s'^-A-s^ ^3 035'^ ■A-S2a4 



' S4 " ' S1-A-S2 S3 



implies that r^?^^^, : P{G)"' /^(G)" is a weak isomorphism with 

This shows that deis-^-iai^) is well-defined. 

The following lemma is a direct consequence of [71 Lemma 9.7]. 

Lemma 4.3. Let S C ZG he a subset with determinant localization property. 
(1) Let A,Be M{n x n; S^^ ■ ZG) be weakly invertible. Then 

dets-i.zG(^-S) = dets-i.zG(^) • dets-i.zG(5)- 
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(2) Let A e M{n x n; S'^ ■ ZG), B £ M{n x m; ■ ZG) and D e M{m x 
m; S^^ ■ TLG). Suppose that A and D are weakly invertihle. Then 

A B 



D 



e M{{n + m) X {n + m); S^' ■ ZG) 



is weakly invertihle with 

dets-i.zG( ^ ^ ) " dets-i.zG(^) ' detg-i.^Gp)- 

Let G be a group with semi- integral determinant (see Proposition l2.10"l) and S C 
ZG a subset with determinant locahzation property. We obtain dets-i.zci^) ^ 1 
for any weakly invertihle matrix A G M{n x n; ■ ZG). Moreover, we conclude 
from Lemma [4.31 ([T|) that detg-i.^Q^A) = 1 for any invertihle matrix A. 

For the studying of i^-torsion we introduce the notion of a weak chain contrac- 
tion. 

Definition 4.4. Let C» be a finite free based S^^ ■ ZG-chain complex. A weak 
chain contraction for G* is a pair (7,,^*) such that 

(1) u* : G* G* is a chain map, 

(2) Up : Gp ^ Cp is weakly invertihle for all p e Z and 

(3) 7* : ~ is a chain homotopy satisfying 7* o it» = o 7^. 

There is the following main example of a weak chain contraction. 

Example 4.5. Let X be a finite CW-complex such that tti{X) has semi-integral 
determinant and 6„ {X) = for all n. Since 

Hi'\x) = ker(c(2)(l)* o cl'\X) + c%iX) o c%iX)*), 
we conclude that 

A„ := c^\X)* o c^\X) + c^l,{X) o ci^li(l)* : C^'Hx) ^ C^'^X) 

is injective and hence a weak isomorphism. Hence, for any subset S C ZG with 
determinant localization property a weak chain contraction (7*,?/*) for S^^ •G*(X) 
is given by 

7„ := Cn+i{X)* and w„ := c„(X)* o c„(X) -|- c„+i(X) o c„+i(X)*. 

Lemma 4.6. Let G be a group with semi-integral determinant and S C ZG a subset 
with determinant localization property. Let (7*,^*) be a weak chain contraction for 
a finite free based ■ ZG-chain complex G, . We write Godd := ®n^zG2n+i, 

Geven ■= ffin6zG2n. 

Then the maps {uc -\- 7)odd : Godd ^ Govon, (uc -\- 7)even : Govon ^ Godd, "odd : 
Godd Godd and Uevcn : Govcn Gcvon c^e weakly invertible and satisfy 

dets-i.zciuodd) = dets-i.zG("ovcn), 
lndet((uc + 7)odd) - Indet(Modd) = - lndet((uc -|- 7)ovon) + Indet(uovcn). 

Moreover, the nwrnter det5-i.zG((wc + 7)odd) — dets-i.^cl'^odd) does not depend on 
the choice of the weak chain contraction (7*,u*). 



Proof. Let ((5*,ti*) be any weak chain contraction for G*. We define 6 : G< 
Gcvcn by 

/••::: \ 



even 



u» o u» -I- o 7» 



vu 
Sj vu 
^7 vu 



V 
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A direct calculation shows that the composition 

e' ■= {vc + (5)ovcn O 6* O (uc + 7)odd : C'odd Codd 

is given by the lower triangle matrix 

( ■■ '■■ \ 

••• (t;2u2)2„„i 

* (w^M^)2n+l • ■ • . 

* * (w^U^)2n+3 • • • 

V : ■■ ■■) 

Since Up and Vp are weakly invertible for all p G Z, the maps Uodd, Woven, t^odd, 
■fevon, Q, Q' , (itc + 7)odd and {vc + 5)e^en are weakly invertible. From Lemma [131 we 
conclude 

2 • Indet(uodd) + 2 • Indet(wodd) = lndet(6l') = 
lndet((uc + 7)odd) + lndet(0) + lndet(('i;c + 5)cvcn) = 
lndet((uc + 7)odd) + Indet(ucvcn) + Indet(uovon) + lndet((i;c + (5)cvcn)- 
The equations 

(itC + 7)odd O "odd = Woven ° (uC + j)odd, (vC + (5)even O Woven = "odd ° {vC + (5)oven 

imply 

dets-i.ZG(Wodd) = dets-i.ZG(Wovon), dets-i.zG(Wovon) = dets-i.zG(Wodd)- 

Hence we obtain the equation 

lndet((uc + 7)odd) - Indct(uodd) = - lndet((wc + S)cvcn) + lndet(i;ovon)- 

This shows that the number detg-i. 2g((wc + 7)odd) — det5-i.x(3(uodd) does not 
depend on the choice of the weak chain contraction. We obtain 

lndet((uc + 7)odd) - Indet(uodd) = - lndet((uc + 7)oven) + Indet(uoven) 
by setting ((5*, -w*) := (7*, u*). □ 

Now we return to the situation described in Example 14.51 

Lemma 4.7. Let X be a finite CW-complex such that ni{X) has semi-integral de- 
(2) " 

terminant and 6„ {X) — for all n. Let S C 'Ztti{X) be a subset with determinant 
localization property and (7*,^*) a weak chain contraction for S^^ ■ C*(X). Then 

p^'^\X) = lndet5-i.zG((wc(X) + 7)odd) - Indets-i.zG(wodd)- 

Proof. Because of Lemma 14.61 it suffices to prove the equation for the weak chain 
contraction (7*,?/*) given by 

7„ := Cn+i{X)* and u„ := CniX)* o c„(X) + Cn+i{X) o c„+i(X)*. 

Let /„ : S^^ ■ Cn{X) ■ Cn{X) by the n-fold composition u„ o . . . o u„. We 

write Codd := ®nezS^^ ■ C{X)2n+i, Coven := ®nezS^^ ■ C{X)2n- Notice that 

/oven O {uc{X) + c(X)*)odd = (wc(X)* + c(X))odd ° /odd- 

We conclude 

n>0 

= i • lndets-i.z^i(x)(/odd) - ^ • lndets-i.z^j(x)(/cven) 

= i • lndet((uc(l) + c(l)*)odd) - ^ • lndet((uc(l)* + c(X))odd). 
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Hence it remains to prove 

lndet((uc(X)* + c(X))odd) = - lndet((uc(X) + c(X)*)odd) + 2 • Indet(Modd)- 

Consider the dual chain complex I?* given by Z3„ :~ C_„(X) and d„ :~ c^n+i{X)* . 
It has the weak chain contraction (c_*(X), From Lemma 14.61 applied to 
we conclude that 

lndet((uc(X)* + c(l))odd) = - lndet((uc(X)* + c(X))evcn) + 2 • Indct(uodd) 

= - lndet((uc(X) + c(l)*)odd) + 2 • Indet(Modd) 
This finishes the proof of Lemma 14.71 □ 

Theorem 4.8. Let X he a finite CW-complex. Let S C ZTri{X) be a subset with 
determinant localization property satisfying 

S-^ ■ H„{X) := ■ ZiTiiX) ®z.,(x) H„{X) = for all n > 0. 

(2) ~ 

Then bn (X) — for all n > 0. Moreover, if tti{X) has semi-integral determinant 
then p^'^\X) = 0. 

Proof. At first, we show &„ \X) — for all n > 0. Denote by U'ni{X) the algebra 
of operators affiliated to the group von Neumann algebra Nni{X). It is the Ore 
localization of AfTTi{X) with respect to all non-zero-divisors (see [HI Proposition 
2.8]). Hence there is an embedding S*"! • Z7ri(X) C Utti{X). Since S'^ ■ Ztti^X) is 
a direct limit of free Z7ri(X)-modules, S^^ ■ ZTri{X) is a flat right Z7ri(X)-module. 
Hence 

HniS-^ ■ a{X)) = ■ H„iC4X)) = ■ Hn{X) = 0. 
We conclude that • C*(X) and hence Uttx{X) ®z-ki(X) C<f{X) are contractible. 
Therefore, we obtain Hn{UTTi{X) ®z-ni(x) C,(X)) = 0. There exists a dimension 
function dimiy7ri(X) for iY7ri(X)-modules satisfying 

6(f)(1) = <^lmu^^^x){Hn{Unx{X) ®z.Ax) C.{X))) 

(see [8j Proposition 4.2 (ii)]). This shows 

b'^\X) = <^imu.^{X){Hn{Unx{X) C^{X))) - 0. 

It remains to prove p'^'^\X) — under the assumption that 'Ki{X) has semi-integral 
determinant. Since ■C^{X) is finite free acyclic, there exists a chain contraction 
(5*. Hence (^*,id*) is a weak chain contraction for S*"^ • C*(X). From Lemma HTfl 
we conclude 

p(2)(X) - lndets-i.zG((c(l) + <5)odd). 
Since {c{X) H- 5)cvcn ° (c(^) + ^)odd is given by a lower triangle matrix with the 
identity on the diagonal, we conclude that {c(X) -\- (5)odd is invertible. This shows 
det5-i.2;G((c(l)+(5)odd) = 1. □ 

Let Si C ZG {i G /) be subsets with determinant localization property. Then 
(S'i I I G /) C ZG, the multiplicative closed subset generated by all elements lying in 
any subset Si, satisfies the left and right Ore condition by the following argument. 
Let s e {Si I i e /) and t e ZG. The element s can be written as s = siS2 • ■ ■ s„ 
with Sk G Si^ for some ik £ /. From the Ore condition for {ZG,Si^) we conclude 
that there exist elements s[ G Si-^ and ti G ZG with si^i = ts'i- Moreover, there 
exist elements sj, G Si^ and tk G ZG (t — 2,...,n) with Sktk — tk-is'f. for all 
2 < /c < n. We finally get st„ = is'^s^ • • • s^. This shows i ■ (S'i | i G /) n s • ZG 7^ 0. 
Analogously, one proves {Si \ i G L) ■ t n ZG ■ s ^ ^. It follows that the subset 
{Si I i G /) C ZG has again the determinant localization property. 
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In particular, we get the following result: For any group G there exists a maxi- 
mal subset Smax{G) C ZG with determinant localization property. It is the multi- 
plicative closed subset generated by all elements lying in subsets with determinant 
localization property. 

Proposition 4.9. Let H be a normal subgroup of G and M be a T^G-module. If 
Smax{H)^^ ■ M — (where we consider M as I^H -module) then 

S^aAOy^ -M = 0. 

Proof. We will prove that Smax{H) C ZG has the determinant localization prop- 
erty. This implies Smax{H) C Sraax{G) and hence the statement follows. Let 
t € ZG and s G Smax{.H). We can write t = X]"=i ^i9i with ti € Z_ff and gi G G. 
Since the subsets giSmax{H)gj^^ & have the determinant localization property, 
we conclude giSmaxiH)gi^ C Smax{H)- Therefore, iiCg^syri)-! e SmaxiHy--ZH 
and we can choose s' G Smax[H) such that s'ti{gisg^^)^^ G ZH for alH = 1, . . . , n. 
Define /, := s'tiigisg''^)-^ € ZH. We finally get 



s't = 2^ s't.g, = figi)s. 
1=1 1=1 

This shows S,nax{H) ■ t n ZG • s 7^ 0. Analogously, we obtain t ■ Smax{H) H s ■ ZG ^ 
0. □ 

Theorem 4.10. Let X be a finite aspherical CW-complex such that the fundamen- 
tal group Tri{X) possesses a subnormal series 

7ri(X)[>G™ >...[> Go 

with a non-trivial elementary amenable group Gq. Then 

6(f) (X) = for all n>0. 

Moreover, if Tri{X) has semi-integral determinant then p(^)(X) = 0. 

Proof. Since X is aspherical, we get Hn{X) = for n 7^ and Ho{X) = Z with the 
trivial 7ri(X)-operation. Because of Theorem l4.8l it suffices to show Smax{T^i{X))^^ ■ 
Z = 0. We will first prove Smax{'^)~^ • Z = 0. Let 2; be a generator of the group Z. 
Since r^^^ : ^■^(Z) —i- Z^(Z) is a weak isomorphism with detA^z(r^^;^) — 1 (compare 
[71 Example 1.8]), the subset 

{(z- 1)" I n > 0} C Z[Z] 

has the determinant localization property. Therefore, z — 1 G SmaxC^)- Let a ® 6 G 
Smax{'^)~^ • Z[Z] ^- Wc concludc 

a(E)b = a{z - 1)"^ ® (z - l)b = a{z - 1)"^ ® = 0. 

This shows Smaxi"^)^^ - Z = 0. Since Go has a non-trivial torsionfree abelian normal 
subgroup (see Proposition 13. 2p and any non-trivial torsionfree abelian group has 
a normal subgroup isomorphic to Z, Proposition 14.91 implies Smax{''^i{X))~^ ■ Z = 
0. □ 

There exists an alternative proof for the vanishing of the i^-Betti numbers. 
From [3 Theorem 10.12]) it follows that bl^\x) = for all n > 0, if X is a 
finite aspherical CW-complex such that the fundamental group 7ri(X) possesses a 
subnormal series 

7ri(X) [> G,„ [> . . . > Go 
with a non-trivial amenable group Gq. 

It would be interesting to know whether Smax{G)^^ • Z = for all amenable 
groups G of finite cohomological dimension. Notice that a positive answer would 
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imply a generalization of Theorem 14.101 given by replacing "elementary amenable' 
with "amenable". 
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